The Q-index of graph G is the largest eigenvalue q(G) of its signless Laplacian Q(G). In this paper, we prove that the graph K 1 ∇P n−1 has the maximal Q-index among all outer-planar graphs of order n.
that the graph K 1 ∇P n−1 really has the maximal Q-index among all outer-planar graphs of order n.
Preliminary
The reader is referred to [1, 8] for the facts about outer-planar graphs. A graph G is outer-planar if it has a planar embedding, called standard embedding, in which all vertices lie on the boundary of its outer face. A simple outer-planar graph is (edge) maximal if no edge can be added to the graph without violating outer-planarity. In the standard embedding of a maximal outer-planar graph G of order n ≥ 3, the boundary of the outer face is a Hamiltonian cycle (a cycle contains all vertices) of G, and each of the other faces is triangle. Obviously, a maximal outer-planar graph is 2-connected, and in a maximal outer-planar graph, the least vertex degree is at least 2 (in fact, a maximal outer-planar graph has at least 2 vertices with degree 2). From a nonmaximal outer-planar graph G, by adding edges to G, a maximal outer-planar graph G ′ can be obtained. Denote by m(G)
the edge number of a graph G. For an outer-planar graph G, we have m(G) ≤ 2n − 3 with equality if and only if it is maximal. From spectral graph theory, for a graph G, it is known that q(G + e) > q(G) if e / ∈ E(G). Consequently, when we consider the maxima of the Q-index among outer-planar graphs, it is sufficient to consider the maximal outer-planar graphs directly.
We introduce some notations. Denote by V (G) the vertex set and E(G) the edge set for a graph G. If there is no ambiguity, we use d(v) instead of d G (v). We use ∆ to denote the maximum vertex degree of a graph. In a graph, the notation v i ∼ v j denotes that vertex v i is adjacent to v j . Denote by K s,t a complete bipartite graph with one part of size s and another part of size t. Next we introduce some working lemmas.
Lemma 2.1 [10] Let u be a vertex of a maximal outer-planar graph on n ≥ 2 vertices.
Lemma 2.3 [5]
Let G be a connected graph containing at least one edge. Then q(G) ≥ ∆ + 1 with equality if and only if G ∼ = K 1,n−1 .
Main results
Lemma 3.1 Let G be a maximal outer-planar graph with order n ≥ 6 and ∆(G) ≤ n − 4.
Proof. For any vertex u ∈ V (G), then
By Lemma 2.2, q(G) ≤ n. This completes the proof. ✷ Let H = K 1 ∇P n−1 (see Fig. 3 .1). By Lemma 2.3, we see that q(H) > n. From this, we see that among all outer-planar graphs of order n, the maxima of the Q-index is more than n. Combining with Lemma 3.1, we find that among outer-planar graphs of order n ≥ 6, the maximal degree of the graph with the maxima of the Q-index is more than n−4. Next, we consider the outer-planar graphs of order n ≥ 6 with ∆ = n − 3, n − 2 respectively. 
2 Let G be a maximal outer-planar graph with order n ≥ 6 and ∆(G) =
T ∈ R n be the Perron eigenvector corresponding to
, where x i corresponds to vertex v i .
Note that
(1), (2) tell us that
It follows immediately that x k > x 0 .
Note that q(G)
From (1) and (2), we also get that
By (4)- (3), we get that
It follows that
Note the relation between the Rayleigh quotient and the largest eigenvalue of a non-negative real symmetric matrix, and note that graph Q-index graph Q-index graph Q-index G 1 6.8284 Table 1 . The approximation of the Q-index for
It can be checked that when n = 6, G ∼ = G 1 ; when n = 7, G ∼ = G 2 or G ∼ = G 3 ; when when n = 8, G is isomorphic to one in {G 4 , G 5 , G 6 }; when when n = 9, G is isomorphic to one in {G 7 , G 8 , G 9 } (see Fig. 3 .2). By computation with computer, we get the approximation of the Q-index for each G i (1 ≤ i ≤ 9) (see Table 1 ). And by computation with computer, we get that when n = 6, q(H) ≈ 6.9576; when n = 7, q(H) ≈ 7.8099; when n = 8, q(H) ≈ 8.6925; when n = 9, q(H) ≈ 9.6007. By a simple comparison, it follows that for each G i (1 ≤ i ≤ 9) of order n (6 ≤ n ≤ 9), q(G i ) < q(H). This completes the proof.
✷ Lemma 3.3 Let G be a maximal outer-planar graph with order n ≥ 7 and ∆(G) = n − 3.
Proof
It can be seen that there are three cases for G, that is, Fig. 3.3) . By Lemma 2.3, we know that q(G) > n−2 ≥ 5.
For this case, n ≥ 7. For convenience, we suppose that G = D 1 . Because ∆(G) = n−3,
T ∈ R n be the Perron eigenvector corresponding to q(G), where x i corresponds to vertex v i .
Then q(G)(x 0 + x 1 ) = 3x 0 + 4x 1 + x 2 + 2x n−1 ,
By (7)- (6), we get
(9) implies x 1 > x 0 . Note that
By (10)+ (7), we get
Then
By (13)+(6), we get that
By (14)- (7), we get that
(15) implies that x 2 + x 0 > x 1 . By (12)- (8), we get that
(16) implies x k > x 0 . By (10)- (7), we get that
(17) implies that x k > x 1 . By (10)- (13), we get that
(18) implies that if n ≥ 8, then x k > x 2 . Note that
By (10)- (19), we get that
(20) implies that if n ≥ 10, then x k > x n−1 . By (13)+(19), we get that
By (11)- (21), we get that
(22) implies that if n ≥ 12, then
It follows that if n ≥ 12, then q(
follows immediately that if n ≥ 12, then q(H) > q(F ) > q(G).
When n = 7, G ∼ = G 10 ; when n = 8, G is isomorphic to one in {G 11 , G 12 , G 13 , G 14 };
when n = 9, G is isomorphic to one in {G 15 , G 16 , G 17 , G 18 , G 19 }; when n = 10, G is isomorphic to one in {G 20 , G 21 , G 22 , G 23 , G 24 , G 25 }; when n = 11, G is isomorphic to one in {G 26 , G 27 , G 28 , G 29 , G 30 , G 31 , G 32 } (see Fig. 3.4 ). By computation with computer, we get the approximation of the Q-index for each G i (10 ≤ i ≤ 32) (see Table 2 ). And by computation with computer, we get that when n = 10, q(H) ≈ 10.5283; when n = 11, q(H) ≈ 11.4704. Combining with the known results about the Q-index of q(H) for order n = 7, 8, 9 in the proof of Lemma 3.2, by a simple comparison, we get that for each G i (10 ≤ i ≤ 32) of order n (7 ≤ n ≤ 11), q(G i ) < q(H). Note that
This implies that x k > x 0 . By (25)- (24), we get that
This implies that x k > x 2 . Note that
By (25)- (26), we get
This implies that if n ≥ 10, then x k > x 1 . By (25)-(27), we get
This implies that if n ≥ 8, then x k > x n−1 . By (23)+(25), we get that
By (28)-(29), we get that Fig. 3 .5). By computation with computer, we get the approximation of the Q-index for each G i (33 ≤ i ≤ 46) (see Table 3 ). And by computation with computer, we get that when n = 12, q(H) ≈ 12.4233. Combining with the results about q(H) for order n = 8, 9, 10, 11 in Case 1 and in the proof of Lemma 3.2, by a simple comparison, we get that for each G i (33 ≤ i ≤ 46) of order n (8 ≤ n ≤ 12), q(G i ) < q(H).
From above three cases, it follows that for a maximal outer-planar graph G with order n ≥ 7 and ∆(G) = n − 3, q(G) < q(H). This completes the proof. ✷ Proof. From the narration in Section 2, we know that by adding edges, a maximal outerplanar graph can be obtained from a nonmaximal outer-planar graph; and know that for a graph G, q(G + e) > q(G) if e / ∈ E(G). Then the result follows from Lemma 3.4. This completes the proof. ✷
